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We present a new cell-centered multi-material arbitrary Lagrangian–Eulerian (ALE)
scheme to solve the compressible gas dynamics equations on two-dimensional unstruc-
tured grid. Our ALE method is of the explicit time-marching Lagrange plus remap type.
Namely, it involves the following three phases: a Lagrangian phase wherein the flow is
advanced using a cell-centered scheme; a rezone phase in which the nodes of the
computational grid are moved to more optimal positions; a cell-centered remap phase
which consists of interpolating conservatively the Lagrangian solution onto the rezoned
grid. The multi-material modeling utilizes either concentration equations for miscible flu-
ids or the Volume Of Fluid (VOF) capability with interface reconstruction for immiscible
fluids. The main original feature of this ALE scheme lies in the introduction of a new mesh
relaxation procedure which keeps the rezoned grid as close as possible to the Lagrangian
one. In this formalism, the rezoned grid is defined as a convex combination between the
Lagrangian grid and the grid resulting from condition number smoothing. This convex
combination is constructed through the use of a scalar parameter which is a scalar function
of the invariants of the Cauchy–Green tensor over the Lagrangian phase. Regarding the cell-
centered remap phase, we employ two classical methods based on a partition of the
rezoned cell in terms of its overlap with the Lagrangian cells. The first one is a simplified
swept face-based method whereas the second one is a cell-intersection-based method.
Our multi-material ALE methodology is assessed through several demanding two-
dimensional tests. The corresponding numerical results provide a clear evidence of the
robustness and the accuracy of this new scheme.

� 2010 Elsevier Inc. All rights reserved.
1. Introduction

Numerical schemes in compressible fluid dynamics make use of two classical kinematic descriptions: the Lagrangian
description and the Eulerian description. Lagrangian algorithms are characterized by computational cells that move with
fluid velocity. They allow an easy and natural tracking of free surfaces and interfaces between different materials. However,
they suffer from a lack of robustness when they are facing large flow distortions. On the other hand, Eulerian algorithms are
characterized by a fixed computational grid through which fluid moves. They can handle large distortions without any
difficulties. However, the numerical diffusion inherent in advection terms discretization leads to an inaccurate interface
definition and a loss in the resolution of flow details. The arbitrary Lagrangian–Eulerian (ALE) description has been initially
introduced in the seminal paper [22] to solve in a certain extent the shortcomings of purely Lagrangian and purely Eulerian
. All rights reserved.
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descriptions by combining the best features of both aforementioned approaches. The main feature of the ALE methodology is
to move the computational grid with a prescribed velocity field to improve the accuracy and the robustness of the simula-
tion. ALE methods have been used for several decades to face successfully the difficulties inherent in the simulation of multi-
material fluid flows with large distortions [3,5,43,23,8,15,39,13]. Usually, ALE methods can be implemented in two manners.
The first one, which is termed direct ALE, consists in an unsplit moving mesh discretization of the gas dynamics equations
wherein the grid velocity is typically deduced from boundaries motion [44,36]. In this approach convective terms are solved
directly. The second one, which is the subject of the present paper, is named indirect ALE. The main elements of an indirect
ALE approach are an explicit Lagrangian phase in which the physical variables and grid are updated, a rezoning phase in
which nodes of the Lagrangian grid are moved to improve the geometric quality of the grid and a remapping phase wherein
the physical variables are conservatively interpolated from the Lagrangian grid onto the new rezoned one [40]. We point out
that indirect ALE method encompasses both Lagrangian and Euler approaches. Indeed, when the rezoned mesh coincides
with the initial mesh, indirect ALE algorithm corresponds to an Eulerian algorithm which is termed as Lagrange plus remap
algorithm wherein advection terms are solved through the use of the remapping phase.

This paper aims at presenting a cell-centered indirect ALE algorithm to solve multi-material compressible flows on two-
dimensional unstructured grids with fixed topology. Our Lagrangian phase solves the gas dynamics equations utilizing a
moving mesh cell-centered discretization wherein the physical conservation laws are discretized in a compatible manner
with the nodal velocity so that the geometric conservation law (GCL) is exactly satisfied [13]. Namely, the time rate of change
of a Lagrangian volume is computed consistently with the node motion. This critical requirement is the cornerstone of any
Lagrangian multidimensional scheme. Nowadays, cell-centered finite volume schemes [12,38,37] that fulfill this GCL
requirement seem to be a promising alternative to the usual staggered finite difference discretization [11]. Moreover, these
cell-centered schemes allow straightforward implementation of conservative remapping methods when they are used in the
context of ALE. Here, we are using the high-order cell-centered Lagrangian scheme that has been described in [37]. Let us
recall that the numerical fluxes are determined by means of a node-centered approximate Riemann solver. This discretiza-
tion leads to a conservative and entropy consistent scheme whose high-order extension is derived through the use of gen-
eralized Riemann problem [7,37].

The thermodynamical modeling of multi-material flows in our ALE algorithm is considered through the use of two dif-
ferent approaches. In the first one, the multi-material flow is viewed as a multi-component mixture of miscible fluids where-
in each fluid is characterized by its mass fraction, i.e. concentration. In this modeling, concentration stands for a passive
scalar which allows to track the location of each material inside the flow. The mixture equation of state is obtained using
a pressure–temperature equilibrium assumption. This modeling is quite simple to implement and to use. However, it can
lead to inaccurate results as the numerical diffusion inherent in the concentration remapping may involve spurious numer-
ical mixing. To correct this potential flaw, we have developed another approach which corresponds to the case of immiscible
fluids. This second approach is based on the Volume Of Fluid (VOF) methodology which allows a Lagrangian tracking capa-
bility for material interfaces. Namely, contrary to concentration equations modeling, there is no mass flux between materi-
als. The VOF approach introduces mixed or multi-material cells, which contain more than one material. Each material is
characterized by its volume fraction, i.e. the ratio between the volume occupied by the material and the total volume of
the mixed cell. We note that our implementation is restricted to two materials. The main issue related to mixed cell is define
its evolution during the Lagrangian phase. To this end, we use a closure model that enables us to compute an effective ther-
modynamic state in terms of the thermodynamic states of each material and its related volume fraction. Here, we use the
classical equal strain model [8], knowing that more sophisticated modeling are possible [4,24]. Knowing the volume frac-
tions field, we perform a reconstruction of the interface in each cell by means of a piecewise linear representation which
is obtained extending the well-known Youngs [51] algorithm to unstructured grids.

Essential for successful application of our ALE algorithm is the use of a good mesh rezoning strategy. This is not a
simple task, since one has to balance between various requirements, some of which might seem to be contradictory.
Generally, a proper rezoning strategy should maintain reasonable geometrical quality of the mesh while respecting
the features of the underlying flow imprinted into the mesh deformation during the Lagrangian phase [28]. Since the
objectives of mesh rezoning are close to the objectives of mesh generation, the rezoning strategies for ALE are closely
related to the techniques developed and used by the mesh generation community. Here, we will restrict ourselves to
rezoning by node repositioning, without changing the mesh connectivity. We point out that an original rezoning strat-
egy has recently been developed where the connectivity of the mesh is allowed to change through the use of Voronoi
tessellation. This new approach provides a Reconnection-based arbitrary Lagrangian–Eulerian (ReALE) strategy [34,35]. In
the context of fixed topology, the geometric rezoning can easily be expressed as an optimization problem, where some
mesh quality functional is minimized in order to find suitable mapping from the logical (computational) to the physical
(real) space. Typically the functional contains information about smoothness of the mesh, its orthogonality, etc. A clas-
sical approach was originally proposed by Winslow [49,50] and is still considered to be the standard method. Here, we
are making use of the condition number smoothness functional introduced in [30,29], which is closely related to Win-
slow smoothing, and is widely used on triangular and structured quadrilateral meshes. A generalized approach will be
given, which can be applied to any unstructured meshes. An original relaxation procedure allows to define the rezoned
grid as a convex combination between the Lagrangian grid and the regularized grid, i.e. the grid produced by the con-
dition number smoothing. This convex combination is constructed through the use of an x factor which is expressed in
terms of the invariants of the right Cauchy–Green tensor [9] with respect to the Lagrangian displacement over a time
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step. This relaxation procedure is Galilean invariant and allows to keep the rezoned grid as close as possible to the
Lagrangian grid.

Finally, we are dealing with remapping methods based on a partition of the volume of the rezoned cell in terms of its
overlap with the Lagrangian cells. Following the methodology derived in [41] we have developed two approaches for the
remapping phase. The first one is a simplified face-based method wherein the volume integral over a new cell is expressed
as the volume integral over the old cell plus a sum of surface integrals over the region swept by the displacement of the cell
faces from their old to their new locations. This method is quite inexpensive since it does not require finding intersections
between old and new cells. However, its use is restricted to grids that have the same connectivity. Thus, it is utilized for ALE
computation wherein the multi-material modeling is performed using concentration equations. We note that an extension of
this method to polygonal grids with connectivity changing in a Voronoi-like manner has been recently developed [32]. The
second approach is the cell-intersection-based method. For a given rezoned cell, its overlap with the Lagrangian cells is ex-
actly calculated. This method is more expensive since it requires finding all intersections between the cells of old and new
grids. However, it can handle grids that have completely different connectivity. It is extensively employed in the case of ALE
computation wherein the multi-material modeling is based on interface reconstruction. Since in this case, due to the mixed
cells occurrence, the rezoned grid and the Lagrangian grid do not share the same topology in the vicinity of the interface.

The paper is structured as follows. Our ALE strategy is presented in Section 2 by describing the flowchart of our multi-
material ALE algorithm. For sake of completeness, we recall in Section 3 the main features of our compatible cell-centered
Lagrangian discretization. In Section 4, we develop the two approaches (concentration equations and VOF) used to deal with
thermodynamical closure in case of multi-material flow. Next, we briefly describe in Section 5 the interface reconstruction
method utilized in VOF modeling. Section 6 is devoted to a detailed description of our rezoning and grid relaxation strategies.
The conservative interpolation methods used to transfer the physical variables from the Lagrangian grid onto the rezoned
one are explained in Section 7. Extensive numerical experiments are reported in Section 8. They demonstrate not only
the robustness and the accuracy of the present methodology but also its ability to handle successfully complex two-dimen-
sional multi-material fluid flows computed on unstructured grids. Finally concluding remarks and perspectives about future
works are given in Section 9.

2. Arbitrary Lagrangian–Eulerian methodology

2.1. Governing equations

Let D be a region of the two-dimensional space R2, filled with an inviscid fluid and equipped with an orthonormal frame.
It is convenient, from the point of view of subsequent discretization, to write the unsteady compressible Euler equations in
the control volume formulation which holds for an arbitrary moving control volume:
d
dt

Z
VðtÞ

dV �
Z

SðtÞ
Ug � N dS ¼ 0; ð1aÞ

d
dt

Z
VðtÞ

qdV þ
Z

SðtÞ
qðU � UgÞ � N dS ¼ 0; ð1bÞ

d
dt

Z
VðtÞ

qU dV þ
Z

SðtÞ
½ðU � UgÞ � NqU þ PN�dS ¼ 0; ð1cÞ

d
dt

Z
VðtÞ

qEdV þ
Z

SðtÞ
½ðU � UgÞ � NqEþ PU � N�dS ¼ 0: ð1dÞ
Here, V(t) is the moving control volume and S(t) its boundary, which is assumed to move with an arbitrary local velocity Ug.
Let N denote the unit outward normal vector to the moving surface and q, U, P, E the density, velocity, pressure, and specific
total energy of the fluid. The set of previous equations is referred to as the ALE integral form of the Euler equations and can be
found in many papers [22,1]. Eq. (1a) expresses the conservation of volume and is equivalent to the local kinematic equation
d
dt

Xg ¼ Ug ; Xgð0Þ ¼ xg ; ð2Þ
where Xg is a generic point located on the control volume surface. We note that (1a) is also called the geometric conservation
law (GCL). The remaining equations, (1b)–(1d) express the conservation of mass, momentum and total energy. We point out
that for Ug = U, we recover the Lagrangian description of the fluid flow for which the control volume moves with the fluid
velocity. On the other hand, for Ug = 0, we get the classical Eulerian description. The thermodynamical closure of the set
of previous equations is obtained by the addition of an equation of state which is taken to be of the form P = P(q,e), where
the specific internal energy, e, is related to the specific total energy by e ¼ E� 1

2 kUk
2.

2.2. Flowchart of the multi-material ALE algorithm

In Fig. 1 we display the flowchart of our multi-material ALE method. The multi-material modeling can be done using
either the Volume Of Fluid capability or concentration equations. The initialization stage consists in defining the distribution



Fig. 1. Flowchart of the multi-material ALE algorithm.
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of all the physical variables over the initial grid. We note that the initialization of the volume fractions or the concentrations,
when the interface between two materials is not superimposed with cell edges, is performed by computing the intersection
of the interface with the initial grid. During the Lagrangian phase, the gas dynamics equations are solved using a cell-cen-
tered moving mesh method, refer to Section 3. Namely, the cell-centered density, qc, velocity, Uc, and total energy, Ec, are
updated from time tn to time tn+1 = tn + Dt. Using a node-centered approximate Riemann solver, nodal velocity, Up, is com-
puted. This allows to update the Lagrangian grid from tn to tn+1. For cells containing more than one material, we need to de-
fine a thermodynamical closure to update the pressure. This task is described in Section 4. It consists in defining a mixture
equation of state for the concentration equations modeling or a mixed cell closure for the VOF modeling. In the latter ap-
proach, we also proceed to the interface reconstruction using a Piecewise Linear Interface Construction (PLIC), refer to Sec-
tion 5. The improvement of the quality of the Lagrangian grid is performed by means of the rezoning phase, refer to Section 6.
This step is split into a grid smoothing procedure and a grid relaxation algorithm which keeps the rezoned grid as close as
possible to the Lagrangian grid. Finally, in the remapping stage, refer to Section 7, we conservatively interpolate all the phys-
ical variables from the Lagrangian grid at time tn+1 onto the new rezoned grid deduced from the relaxation procedure. Two
approaches are available: the swept face-based remapping and the cell-intersection based remapping. The former is used
when the connectivity between the two grids is constant while the latter is employed in case of changing topology.

3. Lagrangian phase

The Lagrangian phase consists in computing the rates of change of volume, mass, momentum and energy, assuming that
the computational volumes are following the material motion. By setting Ug = U in the set of Eqs. (1) one gets
d
dt

Z
VðtÞ

dV �
Z

SðtÞ
U � N dS ¼ 0; ð3aÞ

d
dt

Z
VðtÞ

qdV ¼ 0; ð3bÞ
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d
dt

Z
VðtÞ

qU dV þ
Z

SðtÞ
PN dS ¼ 0; ð3cÞ

d
dt

Z
VðtÞ

qEdV þ
Z

SðtÞ
PU � N dS ¼ 0; ð3dÞ
where V(t) is the Lagrangian (material) control volume, S(t) is its surface, and the time rates of change refer to quantities
associated with this volume. In this case, the local kinematic equation is written as
d
dt

X ¼ U; Xð0Þ ¼ x: ð4Þ
In what follows, we recall briefly the cell-centered Lagrangian scheme which has been derived in [38]. Let us point out that
this cell-centered scheme is compatible with the GCL in the sense that nodal velocity and numerical fluxes are computed
consistently by means of a node-centered solver. Moreover, this scheme is conservative and satisfies an entropy inequality
in its first-order semi-discrete form. Before proceeding further, let us introduce some specific notations. Let {c} be a collec-
tion of nonoverlapping polygons whose union covers the domain filled by the fluid. Each cell is labeled with a unique index c
and is denoted by Xc. We denote by {p} the set of all the vertices of the cells. Each vertex is labeled with a unique index p. If
we consider a given cell c, we introduce the set of all vertices of the cell c and denote it by PðcÞ. For a given node p, we also
define the set of all cells that share this vertex and denote it by CðpÞ. The sets PðcÞ and CðpÞ are counterclockwise ordered. For
a node p 2 PðcÞ, p� and p+ are the previous/next nodes with respect to p in the list of vertices of cell c, see Fig. 2. We denote by
L�pc and Lþpc the half length of the edges [p�,p] and [p,p+]. We use the same notation to define the unit normal outward N�pc and
Nþpc , refer to Fig. 2. We also introduce the corner normal LpcNpc defined by
LpcNpc ¼ L�pcN�pc þ LþpcNþpc;
knowing that N2
pc ¼ 1.

All fluid variables are assumed to be constant in cell c and we denote them by using subscript c. Therefore, we obtain a
spatial approximation which is first-order accurate. The set of evolution equations for the discrete unknowns 1

qc
;Uc; Ec

� �
is

written using the Lagrangian conservation equations in control volume form applied to cell c
mc
d
dt

1
qc

� �
�
X

p2PðcÞ
LpcNpc � Up ¼ 0; ð5aÞ

mc
d
dt

Uc þ
X

p2PðcÞ
ðL�pcP

�
pcN�pc þ LþpcP

þ
pcNþpcÞ ¼ 0; ð5bÞ

mc
d
dt

Ec þ
X

p2PðcÞ
ðL�pcP

�
pcN�pc þ LþpcP

þ
pcNþpcÞ � Up ¼ 0: ð5cÞ
The mesh motion is governed by the local kinematic equation, which in its discrete form at point p writes
d
dt

Xp ¼ Up; Xpð0Þ ¼ xp; ð6Þ
where Xp = (Xp,Yp)t denotes the coordinates of point p at time t > 0 and xp its initial position.
Fig. 2. Fragment of a Lagrangian: notations related to a polygonal cell.



5760 S. Galera et al. / Journal of Computational Physics 229 (2010) 5755–5787
In the above equations, Up denotes the velocity of the point p and P�pc; Pþpc are nodal pressures located at point p. These
pressures can be seen as nodal pressures viewed from cell c and related to the two edges impinging at node p, refer to Fig. 2.
These nodal quantities are obtained through the use of a nodal solver which reads
Up ¼ M�1
p

X
c2CðpÞ
½LpcPcNpc þMpcUc�; ð7aÞ

Pc �P�pc ¼ Z�pcðUp � UcÞ � N�pc; ð7bÞ
Pc �Pþpc ¼ ZþpcðUp � UcÞ � Nþpc; ð7cÞ
where Pc denotes the cell-centered pressure and Mpc, Mp are 2 � 2 matrices which write
Mpc ¼ Z�pcL�pcðN
�
pc � N�pcÞ þ ZþpcLþpcðN

þ
pc � NþpcÞ; Mp ¼

X
c2CðpÞ

Mpc:
Here, Z�pc stands for swept mass flux, which according to [14] can be expressed as
Z�pc ¼ qc½ac þ CcjðUp � UcÞ � N�pcj�;
where ac is the isentropic sound speed in cell c and Cc is a material dependent parameter, which is defined by setting
Cc ¼ ccþ1

2 in the case of a perfect gas.
Let us remark that the Mpc matrices are symmetric positive definite, thus providing a Mp matrix which is also symmetric

positive definite and hence always invertible. We point out that Eqs. (7b) and (7c) stand for Riemann invariants along the
unit outward normal directions. Finally, we get a first-order cell-centered discretization of the Lagrangian hydrodynamics
equations based on a node flux discretization. It is shown in [38], that this discretization leads to a conservative and entropy
consistent scheme in which the fluxes and the mesh motion are computed in a compatible way so that the GCL is exactly
fulfilled at the discrete level.

The accuracy of the present scheme is improved thanks to a high-order extension which uses a two-dimensional version
of the generalized Riemann problem (GRP) methodology [7]. This high-order Lagrangian scheme is precisely described in
[37].

4. Thermodynamical closures for multi-material flows

In this section we describe two different approaches to deal with thermodynamical closure in the case of a multi-material
flow. This closure is required since during the remapping phase of our ALE algorithm the different fluids will flow through
the cell edges.

4.1. Multi-material modeling using concentration equations

In this approach, the multi-material fluid flow is viewed as multi-component fluid mixture wherein the kth fluid is char-
acterized by its mass fraction Ck, i.e. the ratio between the mass of fluid k and the total mass of the mixture. We assume that
any components are completely miscible from a continuum view point. This assumption applies to gases or materials at high
temperatures, i.e. plasmas. During the Lagrangian phase, the concentration of each fluid evolves following the very simple
equation d

dt Ck ¼ 0, that is the concentration of each fluid remains constant during the Lagrangian phase. Consequently, con-
centration stands for a passive scalar which allows to trace the location of each material inside the flow. We use a pressure–
temperature equilibrium assumption to derive the multi-species thermodynamical closure model. Doing that, we obtain an
effective equation of state for our multi-component fluid mixture. We suppose that each fluid follows a gamma gas law,
namely its pressure, Pk, and specific internal energy, ek, write as function of temperature Tk
Pk ¼
R
Mk

qkTk; ek ¼
R

ðck � 1ÞMk
Tk;
where R denotes the perfect gas constant, ck the polytropic index of fluid k andMk its molar mass. The mixture EOS closure
problem requires finding the equilibrium mixture pressure, P, and temperature, T, such that the following properties hold:

� Volume conservation: 1
q ¼

PK
k¼1

Ck
qk

.

� Energy conservation: e ¼
PK

k¼1Ckek.

� Pressure equilibrium: Pk = P, "k = 1, . . . ,K.
� Temperature equilibrium: Tk = T, "k = 1, . . . ,K.

Here, K denotes the total number of fluids, q, e are the density and the specific internal energy of the mixture and qk, ek the
density and specific internal energy of fluid k. The solution of the previous set of equations allows to write the following
effective mixture gamma gas law
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P ¼ ðc� 1Þqe;
where c is the effective polytropic index of the mixture, which writes
c ¼ 1þ
PK

k¼1
Ck
MkPK

k¼1
Ck

ðck�1ÞMk

: ð8Þ
4.2. Multi-material modeling using Volume Of Fluid capability

In this second approach, we assume that the materials are immiscible. The Volume Of Fluid (VOF) methodology intro-
duces a Lagrangian tracking capability for material interfaces into our ALE algorithm. Thus, we have to deal with mixed cells
that contain different materials. The mixed cell modeling is based on the knowledge of the volume fractions. Being given the
volume of the mixed cell, V, and the volume occupied by the kth fluid, Vk, the corresponding volume fraction writes /k ¼ Vk

V .
The main issue related to the mixed cell is to define its evolution during the Lagrangian phase. Namely, knowing the total
change of volume, momentum and energy how should they be distributed between materials. This is done using a closure
model that allows to compute an effective thermodynamical state in the mixed cell as function of the thermodynamical
states of the materials and the volume fractions. Here, we briefly recall the closure model based on the assumption of equal
strain rates [46]. As noticed by Benson [8], this assumption is clearly incorrect if we apply it to a mixture of air and steel for
instance. However, in spite of this crude approximation, this simple model is rather robust and gives quite acceptable results.
More sophisticated models based on the physical assumption of pressure relaxation are also available [4,47,24].

Let us denote by mk the partial mass of material k in the mixed cell. The total mass, m, writes obviously m ¼
P

kmk. Using
the definition of the volume fraction one gets
mk

m
¼ qk

q
/k; ð9Þ
where q and qk denote the global and the partial density of mass in the mixed cell. The time differentiation of (9) gives
qk
d/k

dt
¼ qk/k

1
q

dq
dt
� 1

qk

dqk

dt

� �
: ð10Þ
Since by assumption the volumetric strain rate is equal for all materials, i.e. 1
q

dq
dt ¼ 1

qk

dqk
dt , we conclude that during the

Lagrangian phase the volume fraction of each material is constant
/nþ1
k ¼ /n

k : ð11Þ
We note that this equal strain assumption is consistent with the fact that the materials in the mixed cell have the same
velocity field, U, which is nothing but the Lagrangian cell-centered velocity of the mixed cell.

At the end of the Lagrangian phase, being given the volume of the mixed cell, Vn+1, and the volume fractions /nþ1
k , we up-

date the partial densities as
qnþ1
k ¼ mk

/nþ1
k Vnþ1 : ð12Þ
Knowing the volume fractions and the partial pressures, Pk, it remains to determine the effective pressure, P, in the mixed
cell. To this end, we write the time variation of internal energy for each material using the Gibbs relation
qk
dek

dt
þ Pkqk

d
dt

1
qk

� �
¼ qkTk

dsk

dt
: ð13Þ
Here, Tk and sk denote the temperature and the specific entropy for material k. We multiply this equation by /k, sum over all
materials, use energy conservation ðme ¼

P
kmkekÞ and apply the equal strain assumption to get
q
de
dt
þ
X

k

/kPkq
d
dt

1
q

� �
¼
X

k

/kqkTk
dsk

dt
:

The comparison of this relation and the effective Gibbs relation written for the mixture
q
de
dt
þ Pq

d
dt

1
q

� �
¼ qT

ds
dt
; ð14Þ
allows to define the effective pressure as
P ¼
X

k

/kPk: ð15Þ
We also define the effective sound speed, a, knowing the sound speed of each material, i.e. a2
k ¼

dPk
dqk

� �
sk

. We differentiate (15),
knowing that /k is constant and using the equal strain assumption to get
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a ¼
X

k

/k
qk

q
a2

k

 !1
2

: ð16Þ
This effective sound speed is used in our node-centered Riemann solver to compute the numerical fluxes, refer to Eqs. (7).
Finally, it remains to update the internal energy for each material. Since we are using a Godunov-type method to discret-

ize Lagrangian hydrodynamics, internal energy is calculated as the difference between the total energy of the zone and its
kinetic energy. Namely, at the discrete level, the mixed cell internal energy variation is written
mðenþ1 � enÞ ¼ m Enþ1 � En � 1
2
fðUnþ1Þ2 � ðUnÞ2g

� �
:

Knowing the effective internal energy variation, we compute the global heating over the mixed cell as
dQ ¼ mðenþ1 � enÞ þ PnðVnþ1 � VnÞ; ð17Þ
we note that this global heating corresponds to the approximation of the Gibbs relation (14) written for the mixed cell. We
compute the partial internal energy variation for each material by making the assumption that the global heating is distrib-
uted over each material as
mkðenþ1
k � en

kÞ þ Pn
kðV

nþ1
k � Vn

kÞ ¼ /kdQ : ð18Þ
Let us remark that this formulation conserves energy in the sense that
P

kmkðenþ1
k � en

kÞ ¼ mðenþ1 � enÞ, due to the definition
of the effective pressure, i.e. PnVn ¼

P
kPn

kVn
k and PnVnþ1 ¼

P
kPn

kVnþ1
k . We also point out that this distribution of heating over

the materials amounts to prescribe at the continuum level qkTk
dsk
dt ¼ qT ds

dt. In other words, we apply an equal time rate of
volumetric heating for both the mixed cell and the materials.

Comment 1. The main reason for also presenting the concentration equations approach as well as the VOF treatment lies in
the fact that we want to make comparisons to demonstrate the benefits of the VOF approach.
5. Interface reconstruction

The method used to reconstruct the interface is an extension to the case of general unstructured polygonal grid of the
algorithm initially designed by Youngs [51]. The goal of the method is to perform a Piecewise Linear Interface Construction
(PLIC) in each mixed cell, being given the volume fraction of each fluid. We make the fundamental assumption that each
mixed cell contains two immiscible fluids. For a given cell Xc, each fluid is characterized by its volume fraction /c,k, k = 1,
2, which stands for the ratio between the volume occupied by the fluid and the total volume of the cell. Obviously, /c,k sat-
isfies 0 6 /c,k 6 1 and /c,1 + /c,2 = 1. We define the reference volume fraction by setting /ref

c ¼ /c;1. Knowing /ref
c we construct

the interface as one segment of straight line cutting the mixed cell into two pure regions. This line is defined in each cell by
the equation
Nc � X þ dc ¼ 0; ð19Þ
where X stands for the position vector of a generic point located on the line, Nc is the unit normal vector to the line, and dc is
the signed distance from the line to the origin of the Cartesian orthonormal frame (0,X,Y).

The first step of the interface reconstruction consists in computing an approximate unit normal Nc in each cell c. This nor-
mal is evaluated using the following formula
Nc ¼ �
$/c

k$/ck
:

Here $/c denotes the gradient of the volume fraction. Although / is not a smooth function, we compute its gradient using a
least squares approach. In each cell c, we assume a piecewise linear representation of the volume fraction by writing
~/cðXÞ ¼ /ref
c þ $/c � ðX � XcÞ;
where $/c is the constant gradient of the volume fraction and Xc is the centroid of the cell. Thus, $/c is obtained by solving
the minimization problem
$/c ¼ argmin
A2R2

X
d2CðcÞ
½/ref

d � /ref
c � A � ðXd � XcÞ�2:
Here, CðcÞ denotes the set of the neighbouring cells of cell c. It is well known that this method leads only to a first-order
reconstruction of the normal [16,2].

The second step of the reconstruction consists in computing dc by locating the interface along the normal direction so that
the volume cut by the interface coincides with the sub-cell volume computed using the reference volume fraction /ref

c .
Knowing the unit normal Nc, the location of the moving interface is uniquely defined by the value of the parameter d. Hence,
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d being given, the corresponding sub-cell volume fraction can be expressed as a continuous monotonic function of d,/c(d).
Thus, dc is obtained by solving the equation
/cðdÞ ¼ /ref
c ;
which has always a unique solution, refer to [16,2] for the details about the numerical implementation.

6. Rezoning phase

The rezoning phase consists in moving the node of the Lagrangian grid to improve the geometric quality of the grid while
keeping the rezoned grid as close as possible to the Lagrangian grid. This constraint must be taken into account to maintain
the accuracy of the computation brought by the Lagrangian phase. In fact, by requiring the rezoned grid to remain as close as
possible to the Lagrangian grid, we minimize the error of the remap phase, and we justify employing a local remapper in
which mass, momentum and energy are simply exchanged between neighboring cells. In what follows, we first describe
our grid smoothing algorithm which is the condition smoothing algorithm introduced by Knupp [26] for mesh quality opti-
mization. Then, we present a grid relaxation algorithm which intends to keep the rezoned grid in the vicinity of the Lagrang-
ian grid. This grid relaxation procedure represents the most original contribution of this paper.

6.1. Condition number smoothing

We describe the condition number smoothing (CNS) algorithm, which is an unstructured extension of the well-known
Winslow algorithm as demonstrated in [28]. We make the assumption that the input grid (the grid produced by the Lagrang-
ian phase) is unfolded. If the Lagrangian phase produces nonvalid cells then we use an untangling procedure [48]. We first
recall the condition number smoothing algorithm for an internal node, then we present an original extension to the case of
nodes located on a boundary.

6.1.1. Internal node
Let c be a given cell of the Lagrangian grid, p 2 PðcÞ a particular node of this cell and p�, p+ the previous and next nodes

with respect to p in the counterclockwise list of the vertices of cell c, refer to Fig. 3. Let Jcp = [pp+jpp�] be the 2 � 2 Jacobian
matrix associated with each corner at a vertex p of cell c. It is shown in [26] that the condition number of matrix Jcp in R2

writes
jðJcpÞ ¼
kppþk2 þ kpp�k2

Acp
; ð20Þ
where Acp is the area of the triangle whose vertices are p�, p, p+. We note that j is minimal for an isosceles rectangular tri-
angle. With this condition number, we define the local objective function associated to node p
FpðXpÞ ¼
X

c2CðpÞ

X
q2Vc ðpÞ

jðJcqÞ: ð21Þ
Here Xp denotes the vector position of point p, CðpÞ is the set of cells that share node p and VcðpÞ is the set of vertices of cell c
that are connected to vertex p (including p itself). By summing this functional over all grid nodes, we can also define a global
objective function.

One very important feature that can be seen explicitly in the definition of j(Jcp) is that the functional has a barrier, i.e., the
value of the functional approaches infinity when the new grid contains a nonvalid grid for which Acp = 0. This explains how
the condition number smoothing produces unfolded grids.
Fig. 3. Fragment of a grid: notations for condition number smoothing.
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The rezoned position of node p; Xrez
p , is determined by minimizing the local functional (21) using the first step of a New-

ton algorithm
Fig. 4.
curve, X
Xrez
p ¼ Xnþ1;lag

p � H�1
p ðX

nþ1;lag
p Þ$FpðXnþ1;lag

p Þ; ð22Þ
where Xnþ1;lag
p denotes the vector position of point p at the end of the Lagrangian phase and Hp is the 2 � 2 Hessian matrix

related to Fp. We note that the computation of the Hessian and the gradient of the functional are performed using the coor-
dinates of the points at the end of the Lagrangian phase. We separately minimize each of the local objective functions and
iterate over all the nodes. This approach is termed as Jacobi sweep minimization. Its main advantage lies in the fact that it
does not depend on the vertex order and thus leads to a symmetry preserving algorithm.

6.1.2. Boundary node
Let p denotes a boundary node and p�, p+ its previous and next neighbors in the list of boundary nodes, refer to Fig. 4. To

define the rezoned position of node p in a consistent manner with the condition number smoothing algorithm, we first deter-
mine a piecewise parametric representation of the boundary. To this end we introduce the second-order interpolation Bézier
curve
XpðtÞ ¼ ð1� tÞ2Xp� þ 2ð1� tÞtXi þ t2Xpþ ; t 2 ½0;1� ð23Þ
where Xi denotes the vector position of point i, which is a control point of the Bézier curve. This control point is defined so
that the Bézier curve passes through point p. Hence, for a given t0 2 ]0,1[, Xi is computed by setting Xp(t0) = Xp, this leads to
Xi ¼
Xp � ð1� t0Þ2Xp� � t2

0Xpþ

2ð1� t0Þt0
: ð24Þ
The parameter t0 is usually defined by setting t0 ¼ 1
2. Using the parametric representation of the boundary curve, we define

the nodal objective functional related to node p by setting
fpðtÞ ¼ FpðXpðtÞÞ; ð25Þ
where Fp is the functional defined by (21). Using the chain rule we get
dfp

dt
¼ $Fp �

d
dt

XpðtÞ;
d2fp

dt2 ¼ Hp
d
dt

XpðtÞ �
d
dt

XpðtÞ þ $Fp �
d2

dt2 XpðtÞ:
Finally, to find the rezoned position of point p, it remains to minimize the real function fp(t). To this end, we perform one step
of a Newton procedure to compute
trez ¼ t0 �
dfp

dt ðt0Þ
d2 fp
dt2 ðt0Þ

: ð26Þ
After checking that trez 2 [0,1] the vector position of the rezoned point is defined as Xrez
p ¼ XpðtrezÞ. We note that this bound-

ary node treatment performs particularly well in the case of free boundary condition.

6.2. Relaxation algorithm

The updated location of the node is defined by mean of a convex combination between its rezoned location obtained from
the previous CNS method and its location at the end of the Lagrangian phase
Xnþ1 ¼ Xnþ1;lag þxpðXrez � Xnþ1;lagÞ;
where xp 2 [0,1] is a node-based coefficient computed as a function of the invariants of the right Cauchy–Green strain ten-
sor, which is associated to the deformation of the Lagrangian grid over a time step. Let us briefly recall the definition of these
tensors which are basic tools in the framework of continuum mechanics, refer to [9]. For sake of conciseness, let X0 and X1
Boundary node treatment: notations for the Bézier curve. p�, p and p+ are vertices located on the boundary. The second-order interpolation Bézier
p(t) is plotted in black.
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denote the position vector of a generic point associated to the Lagrangian grid at time tn and at time tn+1 = tn + Dt. We assume
that these two grids are valid, hence we can define a one to one map between these two configurations of the flow by setting
X1 = W(X0,Dt). This map is characterized by its Jacobian matrix
F ¼ @W

@X0 ;
which is also named the deformation gradient tensor and can be explicitly written in R2 as
F ¼
@X1

@X0
@X1

@Y0

@Y1

@X0
@Y1

@Y0

0@ 1A;

where X0 = (X0,Y0)t and X1 = (X1,Y1)t. We also introduce the determinant of the Jacobian matrix, J = detF, which is strictly po-
sitive since the grids are valid. The right Cauchy–Green strain tensor, C, is obtained by right-multiplying F by its transpose,
C = FtF. In our case, C is a 2 � 2 symmetric positive definite tensor. We notice that this tensor reduces to the unitary tensor in
case of uniform translation or rotation. It admits two positive eigenvalues, which are denoted k1 and k2 with the convention
k1 6 k2. These eigenvalues can be viewed as the rates of dilation in the eigenvectors directions of the transformation. The
definition of the xp factor as a function of the invariants of the right Cauchy–Green tensor leads to mesh relaxation proce-
dure which satisfies the principle of Galilean invariance, that is either for a uniform translation or a pure rotation the relaxed
mesh coincides with the Lagrangian one. It remains to construct a node-centered approximation of the Cauchy–Green tensor.
To this end we use the Nanson formula [9] which expresses the change of length between the two Lagrangian configurations
labeled (0) and (1). This formula writes
JðF�1ÞtN0 dL0 ¼ N1 dL1; ð27Þ
where dL0 and dL1 are the length elements in the configurations (0) and (1) and N0, N1 their corresponding unit outward
normals. Introducing K = J(F�1)t, the Nanson formula reads
KN0 dL0 ¼ N1 dL1: ð28Þ
We will use these last formula to compute K and then deduce F. To this end, let us consider a cell Xc and one of its vertices p.
As usual, we denote p� and p+ the previous and the next vertex to p in the counterclockwise list of vertices of cell c. We dis-
play in Fig. 5 the fragments of cell c related to point p for the two Lagrangian configurations (0) and (1). The vectors
L0;�

pc N0;�
pc ; L0;þ

pc N0;þ
pc and L1;�

pc N1;�
pc ; L1;þ

pc N1;þ
pc are the half outward normals related to point p and cell c for the two configurations.

Let us denote Kpc the local approximation of the tensor K for cell c at point p. It is defined by applying the Nanson formula
(28) as follows
KpcL0;�
pc N0;�

pc ¼ L1;�
pc N1;�

pc ; ð29aÞ
KpcL0;þ

pc N0;þ
pc ¼ L1;þ

pc N1;þ
pc : ð29bÞ
Assuming that the two normals L0;�
pc N0;�

pc and L0;þ
pc N0;þ

pc are not colinear, the above system admits always a unique solution. We
point out that the above procedure allows to define the tensor Kpc for each corner pc that surrounds point p. Finally, to con-
struct the approximation of the tensor K centered at point p, Kp, we solve (29) in the least squares sense by minimizing the
functional
LðKpÞ ¼
1
2

X
c2CðpÞ
½ðKpL0;�

pc N0;�
pc � L1;�

pc N1;�
pc Þ

2 þ ðKpL0;þ
pc N0;þ

pc � L1;þ
pc N1;þ

pc Þ
2�;
Fig. 5. Fragments of the Lagrangian grids: configuration (0) (left) and configuration (1) (right).
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where CðpÞ denotes the set of cells that surround point p. The solution of the above minimization problem leads to the
approximation of the deformation gradient tensor centered at point p, Fp. Recalling that K = J(F�1)t, the components of Kp

are expressed in terms of the components of Fp as follows
Kp ¼
Fyy

p �Fyx
p

�Fxy
p Fxx

p

 !
:

Once the approximation of the deformation gradient tensor centered at point p is determined, the Cauchy–Green tensor is
obtained by computing Cp ¼ Ft

pFp. Knowing this symmetric positive definite tensor at each node, we compute its real positive
eigenvalues k1,p, k2,p and define xp as
xp ¼ 1� ap � amin

1� amin
; ð30Þ
where ap ¼ k1;p
k2;p

and amin = minpap. We point out that for uniform translation or rotation k1,c = k2,c = 1 and xp = 0, therefore the
motion of the nodes is purely Lagrangian and we fulfill the material frame indifference requirement. For other cases, xp

smoothly varies between 0 and 1.

Comment 2. The first role of the x parameter is to construct a convex combination between the Lagrangian grid and the
rezoned grid, that is why we want it to be in [0,1]. Moreover, we want it to vanish smoothly for rigid rotation and translation
and recover the pure Lagrangian motion in these cases. In a nutshell, we want it to be Galilean invariant. To construct a
parameter that fulfills the previous requirements we utilize mechanical object that characterizes properly the mechanical
features of the flow. A good candidate for this task is the right Cauchy–Green tensor evaluated between two consecutive
Lagrangian time steps. It can be regarded as quantifying the ratio of squared lengths of infinitesimal fibers between the initial
and the final configurations [10]. To be more precise, let dX0 = L0N0 denotes a material fiber of length L0 in the initial
configuration, where N0 is a unit vector. This elementary fiber is stretched and rotated to dX1 = L1N1, in the final
configuration, where N1 is a unit vector. Introducing F as the deformation gradient between the initial and the final
configuration, one has dX1 = FdX0. Therefore, one can deduce that the length of the fiber in the final configuration is given by
L2
1 ¼ dX1 � dX1 ¼ L0FN0 � L0FN0 ¼ L2

0F
tFN0 � N0:
Hence, the ratio of the squared lengths writes as
L1

L0

� �2

¼ CN0 � N0;
where C = FtF is the Cauchy–Green tensor, which is symmetric definite positive and fulfills the requirements of Galilean
invariance. Here, the subscripts 0 and 1 refer to the initial and final configurations corresponding to the beginning and
the end of the Lagrangian time step. As it can be observed in Fig. 25 for the interaction of a shock wave with an Helium bub-
ble, refer to Section 8.4, this parameter is a good indicator to track accurately the compression waves that interact inside
complex two-dimensional flow.
7. Remapping phase

The remapping phase corresponds to a conservative interpolation of the physical variables from the Lagrangian grid at
time tn+1 onto the rezoned grid. A cell-centered remapping scheme will now be presented to complement the cell-centered
Lagrangian scheme. Let {c} and f~cg be respectively collections of nonoverlapping polygons of the Lagrangian and the rezoned
grids. In what follows, we denote all quantities related to the rezoned grid using the tilde accent. Let w be a physical variable
of the flow defined on {c} by its piecewise constant representation wc. Being given wc, we want to compute
w~c ¼
1

Vð~cÞ

Z
~c

wdX: ð31Þ
That is, knowing the mean value of w over each cell of the Lagrangian grid, we want to compute its mean value over each cell
of the new rezoned grid. To obtain a sufficiently accurate remapping, we first compute a piecewise monotonic linear recon-
struction of the variable w over the Lagrangian grid. Namely, knowing the mean value wc, we re-construct the piecewise lin-
ear function, wc(X), over the Lagrangian cell c as follows
wcðXÞ ¼ wc þ ð$wÞcðX � XcÞ:
Here, ð$wÞc denotes the constant gradient of w within cell c, which is computed using a least squares approach. The mono-
tonicity of this reconstruction is enforced by using the classical Barth–Jespersen slope limitation procedure [6]. We also note
that this reconstruction preserves the mean value wc provided that Xc is the centroid of cell c, i.e.
Xc ¼
1

VðcÞ

Z
c

X dX:
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In this section we are dealing with remapping methods based on a partition of the volume of the rezoned cell in terms of its
overlap with the Lagrangian cells. Following the methodology derived in [41] we have developed two approaches for the
remapping phase that are briefly recall in the next two paragraphs.

Comment 3. Here, w denotes a physical variable which is defined per unit volume, such as q, qU and qE. Let h denotes the
corresponding physical variable defined per unit mass, i.e. w = qh. Hence, the remapped value of h over the new cell ~c reads
h~c ¼
w~c

q~c
;

where w~c and q~c have been computed using (31).
7.1. Swept face-based method

Here, we briefly present an unstructured extension of the swept integration method presented in [41]. Assuming a fixed
topology between the old (Lagrangian) and the new (rezoned) grids, a generic cell of the new grid can be decomposed as
~c ¼ c [
[

d2CðcÞnc
ð~c \ dÞ

0@ 1A n [
~d2Cð~cÞn~c

ðc \ ~dÞ

0@ 1A: ð32Þ
This decomposition, which is displayed in Fig. 6(left), allows to write the mean value of w over the new cell as
w~c ¼
1

Vð~cÞ

Z
c

wdX þ
X

d2CðcÞnc

Z
~c\d

wdX �
X

~d2Cð~cÞn~c

Z
c\~d

wdX

0@ 1A:

Here, the volume of the new cell, Vð~cÞ, is expressed as the volume of the old cell, plus the summation of the signed volumes
of the quadrangular regions swept during the displacement of the edges, from their old positions to their new ones. More
precisely, each displacement of two consecutive vertices p and p+ leads to construct the quadrangular swept region
Sp;pþ ¼ fp; ~p; ~pþ; pþg whose volume is denoted VðSp;pþ Þ, refer to Fig. 6(right). Using this notation, one obtains
Vð~cÞ ¼ VðcÞ þ
X
fp;pþg2c

VðSp;pþ Þ:
Following this approach, the mean value of w over the new cell writes
w~c ¼
1

Vð~cÞ

Z
c

wdXþ
X
fp;pþg2c

Z
Sp;pþ

wdX

 !
:

The integral corresponding to the second term in the right-hand side, is the quadrangular swept region contribution to the
flux. This integral is approximated in an upwind manner by setting
Z

Sp;pþ

wdX ¼

R
Sp;pþ

wcþ ðXÞdX if VðSp;pþ ÞP 0;R
Sp;pþ

wcðXÞdX if VðSp;pþ Þ < 0;

8<: ð33Þ
where wcþ ðXÞ and wc(X) are piecewise linear reconstruction of the function w over the Lagrangian cells c+ and c.
Fig. 6. Decomposition of a rezoned cell (left). Swept region resulting from nodes displacement (right).
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7.2. Cell-intersection-based method

This approach is used when we are dealing with an old and a new grids whose connectivities differ. This situation occurs
in the vicinity of mixed cells in the case of a multi-material computation using VOF capability for interface tracking. For each
rezoned cell, we need to compute exactly its overlap with the surrounding Lagrangian cells. To this end, we employ an exact
intersection algorithm which is based on a triangulation of the old and the new grids. The main reason for working with tri-
angles lies in the fact that the intersection between two triangles is always a convex polygon. Let us describe the different
steps of this algorithm.

1. Triangulation: We perform the triangulation of the Lagrangian and the rezoned grid which are initially paved with non-
overlapping polygonal cells. The triangulation of a convex polygon is a trivial operation by simply adding edges from one
vertex to all other vertices as it displayed in Fig. 7(left). In the case of a non-convex polygonal cell, one way to triangulate
it is by using the assertion that any simple polygon without holes has at least two so called ‘ears’. An ear is a triangle with
two sides on the edge of the polygon and the other one completely inside it. The algorithm then consists of finding such
an ear, removing it from the polygon (which results in a new polygon that still meets the conditions) and repeating until
there is only one triangle left. This algorithm is easy to implement and is known as ear clipping algorithm [17]. The tri-
angulation of a non-convex polygon using this algorithm is displayed in Fig. 7(right). Being given a generic Lagrangian cell
c and generic rezoned cell ~c, let us denote T ðcÞ and T ð~cÞ their corresponding sets of triangles.

2. Intersection: Assuming that the rezoned cell ~c is located in the neighborhood of the Lagrangian cell c, we compute the
intersection of each triangle of T ð~cÞ with the triangles of T ðdÞ for d 2 CðcÞ where CðcÞ is the set of the neighboring cells of
cell c. For a given couple of triangles ðT; eT Þ in T ðdÞ � T ð~cÞ with d 2 CðcÞ the intersection algorithm proceeds as follows.
First, using the barycentric coordinates, we determine successively the localization of the vertices of T ð~cÞ in T ðdÞ and
the localization of the vertices of T ðdÞ in T ð~cÞ. Second, we compute the edges intersection between T ð~cÞ and T ðdÞ. To
summarize, this just means find the nodes of the old mesh triangles which lie inside new mesh triangles and then find
edge intersection points.

3. Sub-polygon reconstruction: The triangle–triangle intersection phase leads to a list of points that are the vertices of a
convex sub-polygon which is displayed in Fig. 8. We re-order in a counterclockwise manner the list of the vertices of this
sub-polygon.

4. Integration phase: Let PðT \ eT Þ be the set of the intersection sub-polygons between T and eT . Finally, the mean value of w
over the rezoned cell ~c is computed as
Fig. 7. Triangulation of a convex polygon (left). Triangulation of non-convex polygonal (right) using ear clipping. The algorithm starts at point p which is an
ear.

Fig. 8. Sub-polygon that results from triangle–triangle intersection.
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w~c ¼
1

Vð~cÞ
X

Q2PðeT\TÞ

Z
Q

wc dX;
where the integrals over the sub-polygons are evaluated using the piecewise linear reconstruction of w over the Lagrangian
cell. In this computation, the integrals of linear function over a sub-polygon are exactly computed by means of the Green
formula [42].

7.3. Mixed cell remapping

Here, we give some details about the remapping of the physical variables in mixed cell when we are using the VOF algo-
rithm. The volume fractions are reconstructed on the rezoned cell as
/~c;k ¼
1

Vð~cÞ
X

Q2PkðeT\TÞ

Z
Q

dX; ð34Þ
where PkðeT \ TÞ is the set of intersection sub-polygons, associated to the material k. Let wk be the partial quantity associated
to the physical variable w which is defined per unit volume. This partial quantity is remapped as
w~c;k ¼
1

Vkð~cÞ
X

Q2PkðeT\TÞ

Z
Q

wk dX; ð35Þ
where Vkð~cÞ is the partial volume defined on the new cell as Vkð~cÞ ¼ Vð~cÞ/~c;k. Let h be the corresponding physical variable
defined per unit mass and hk its related partial quantity. Hence, hk is remapped as h~c;k ¼

w~c;k
q~c;k

where q~c;k denotes the partial
remapped density computed using (35). The partial remapped mass corresponding to material k is computed as
m~c;k ¼ q~c;kVkð~cÞ. Finally, the global mass and density over the mixed cells are deduced from
m~c ¼
X

k

m~c;k and q~c ¼
X

k

q~c;k/~c;k:
The remaining global quantities corresponding to physical variables defined per unit mass are computed as
h~c ¼
1

m~c

X
k

m~c;kh~c;k:
The update of effective pressure and sound speed is performed as described in Section 4.

7.4. Concentrations remapping

When we are modeling the multi-material flow using concentration equations, we have to remap them to consistently
update the thermodynamic state of each cell. Namely, to use the multi-species EOS developed in Section 4, we need to remap
the concentrations of the K fluids, from the Lagrangian grid onto the rezoned one. To this end, we first compute the mass of
fluid k in the Lagrangian cell c, mc;k ¼

R
c qCk dV . We note that mc ¼

PK
k¼1mc;k since by definition

PK
k¼1Cc;k ¼ 1. Then, the mass

of each fluid is conservatively interpolated onto the rezoned grid using the swept face-based method; its remapped value is
referred as m~c;k. At this point, we remark that
m~c –
XK

k¼1

m~c;k;
this discrepancy comes from the fact that our second-order remapping does not preserve linearity due to slope limiting.
Hence, we define the new concentrations by setting C~c;k ¼

m~c;k
m~c

and impose the renormalization
C~c;k  
C~c;kPK
k¼1C~c;k
so that
PK

k¼1C~c;k ¼ 1. We point out that this necessary renormalization does not affect the global mass conservation.

8. Numerical results

All the numerical results presented in this section are performed in Cartesian geometry. The materials are characterized
by a perfect gas equation of state which writes P = (c � 1)qe where c stands for the polytropic index of the gas. The ALE com-
putations are performed using the relaxation procedure described in Section 6. This procedure is applied every time step.
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8.1. Two-material Sod problem

We consider the two-material variant of the one-dimensional Sod shock tube problem described in [47]. As usual, the
computational domain is [0,1] with an interface initially located at x = 0.5. The initial conditions for left material are
(ql,Pl,Ul,cl) = (1,2,0,2) and (qr,Pr,Ur,cr) = (0.125,0.1,0,1.4) for the right material. We point out that this test case is a genuine
two-material problems for an ALE simulation run since the polytropic index is different for the left and the right material.
The initial grid is made of 100 uniform cells and the final time is tfinal = 0.2. We run this problem with our multi-material ALE
scheme in its Eulerian version (as Lagrange plus remap). The first computation is performed using VOF interface reconstruc-
tion and the second one uses concentration equations. The numerical results against the analytical solution are plotted in
Fig. 9 for density and pressure and in Fig. 10 for velocity and internal energy. With this level of resolution, we observe a quite
good agreement between the numerical and analytical solutions. As expected, the contact discontinuity obtained with the
VOF interface reconstruction is sharper than the one obtained using concentration equations. We also note that the pressure
plateau is very well rendered with both methods in the sense that no spurious oscillations are created at the contact
discontinuity.

To see the influence of the closure model we have displayed in Figs. 11 and 12 the multi-material cell components cor-
responding to the previous VOF Euler computation. We notice that the partial pressures in the mixed cells has relaxed to-
ward a common value. This relaxation is probably the consequence of the numerical diffusion by the Lagrange plus remap
procedure which has been performed each time step.

Finally, in Figs. 13 and 14, we present the numerical results for the equal strain model using a VOF Lagrange computation.
In this particular case, the two cells initially adjacent to interface are combined in one mixed cell. In this mixed cell, the
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Fig. 9. Two-material Sod problem density (left) and pressure (right). VOF and concentration equations modeling versus analytical solution.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1

1.2

1.4

X

ve
lo

ci
ty

VOF computation
Concentration model
Analytical

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.5

1

1.5

2

2.5

3

3.5

X

ε

VOF computation
Concentration model
Analytical

Fig. 10. Two-material Sod problem velocity (left) and internal energy (right). VOF and concentration equations modeling versus analytical solution.
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Fig. 11. Two-material Sod problem density (left) and pressure (right). VOF Euler computation versus analytical solution with multi-material cell
components.
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Fig. 12. Two-material Sod problem velocity (left) and internal energy (right). VOF Euler computation versus analytical solution with multi-material cell
components.
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Fig. 13. Two-material Sod problem density (left) and pressure (right). VOF Lagrange computation versus analytical solution with multi-material cell
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interface is located in the middle and initial partial quantities are discontinuous. We can observe in these graphs that the
partial quantities (density, pressure and internal energy) exhibit quite a large jump. This result is a direct consequence of
the use of the equal strain model. This flaw can be corrected by using a more sophisticated mixed cell closure model based
on pressure relaxation such as the ones presented in [4,47,24].

8.2. Sedov problem

We consider the Sedov problem for a point-blast in a uniform medium with cylindrical symmetry. An exact solution
based on self-similarity arguments is available, see for instance [25]. The initial conditions are characterized by
(q0,P0,U0) = (1,10�6,0) and the polytropic index is set equal to 7

5. We set an initial delta-function energy source at the origin
prescribing the pressure in the cell containing the origin as follows
Por ¼ ðc� 1Þqor
E0

Vor
;

where Vor denotes the volume of the cell that contains the origin and E0 is the total amount of released energy. By choosing
E0 ¼ 0:244816, as it is suggested in [25], the solution consists of a diverging shock whose front is located at radius R = 1 at
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Fig. 15. Initial unstructured polygonal grid for the Sedov problem.
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time t = 1. The peak density reaches the value 6. We point out that this simple mono-material problem does not require ALE
to be run until final time. However, we use this problem as a sanity test case to demonstrate not only the accuracy and the
robustness of our Lagrangian and ALE schemes but also their ability to handle real unstructured grids. We also want to assess
the efficiency of the relaxation algorithm procedure. We run this problem on a unstructured grid produced by a Voronoi
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tessellation that contains 775 polygonal cells, which is displayed in Fig. 15. Using the same initial grid, we have run a
Lagrangian computation and two ALE computations. The results for the density obtained in these three configurations are
displayed in Fig. 16. The Lagrangian results on top show the accuracy of the Lagrangian scheme, the shock level and its
location are very well rendered. The first ALE computation (middle) has been performed switching off the relaxation proce-
dure by setting xp = 1, refer to Section 6. In this particular case, we note that the grid has been completely smoothed, the
shock wave has been smeared over several cells and the density peak is quite far from its theoretical value. The solution
is quite far from the Lagrangian solution. Moreover, we note that grid motion occurs even in regions where the flow is at
rest. This flaw is visible for cells whose radius is greater than one. These remarks show the drawback of an ALE strategy using
a pure rezoning phase without any relaxation procedure. The second ALE computation (bottom) has been done using our
relaxation procedure in which the new grid is constructed by making a convex combination between the Lagrangian grid
and the rezoned grid. This convex combination is based on the use of the xp factor which is evaluated using the invariant
of the Cauchy–Green tensor. Using this approach, it is possible to keep the rezoned grid as close as possible to the Lagrangian
grid. We observe in Fig. 16(bottom) that the results obtained with the relaxation procedure are quite close to those obtained
with the Lagrangian scheme.
8.3. Triple point problem

Here, we present a two-material problem which corresponds to a three-state two-dimensional Riemann problem in a
rectangular domain displayed in Fig. 17. The three-material extension of this problem using the Moment-of-Fluid method
has been presented in [31]. The computational domain X = [0,7] � [0,3] is split into the following three sub-domains
X1 = [0,1] � [0,3], X2 = [1,7] � [0,1.5] and X3 = [1,7] � [1.5,3]. The sub-domain X1 contains a high-pressure high-density
fluid whose initial state is (q1,P1,U1) = (1,1,0). The sub-domain X2 contains a low-pressure high-density fluid whose initial
state is (q2,P2,U2) = (1,0.1,0). The sub-domain X3 contains a low-pressure low-density fluid whose initial state is
Fig. 17. Initial data for the triple point problem.
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Fig. 18. Triple point problem, grid and interface at time t = 3.5 (left) and time t = 5 (right). The top part (y > 0) corresponds to the VOF computation and
interface is the purple curve. The bottom part (y < 0) corresponds to the concentration equations computation, three isolines are plotted: C = 0.1 (blue),
C = 0.5 (green) and C = 0.9 (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this paper.)
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(q3,P3,U3) = (0.125,0.1,0). The sub-domains X1 and X3 are filled with the same material characterized by the polytropic in-
dex c1 = c3 = 1.5 whereas the sub-domain X2 is filled with a different material with c2 = 1.4. The boundary conditions are
wall boundary conditions. The final time of the simulation is tfinal = 5. The initial grid is paved with 70 � 30 square cells.

The triple point is the point T located at the intersection of the three sub-domains X1, X2 and X3, its coordinates are
T = (1,1.5)t. Let us describe the evolution of the initial discontinuity at later time. For a point located on the interface between
sub-domains X1 and X2, sufficiently far from the triple point T, the initial discontinuity is solved by a systems of three waves
which consists of a contact discontinuity, a rightward shock wave and leftward rarefaction wave. The same situation occurs
for a point located on the interface between sub-domains X1 and X3, sufficiently far from the triple point. We note also that
the interface between sub-domains X2 and X3 corresponds to a contact discontinuity. In the vicinity of the triple point T the
situation is more intricate, since all the aforementioned waves interact and lead to complex two-dimensional fluid flow. We
point out that the two rightward shock waves in sub-domains X2 and X3 propagate with different speeds due to the differ-
ence of the acoustic impedance between the two fluids. Since q3a3 < q2a2, where a2 and a3 denotes the sound speed in sub-
domains X2 and X3, the X3 rightward shock wave propagates faster than the X2 rightward shock wave. This creates a strong
shear along the initial contact discontinuity located at the interface between X2 and X3. This shear produces a Kelvin–Helm-
holtz instability and a vortex formation occurs. We notice that the Lagrangian computation of this problem fails before the
vortex development due to mesh tangling, refer to [34]. We run this test case using two variants of our multi-material ALE
algorithm. In the first one the multi-material modeling employs the VOF interface reconstruction methodology while the
second one utilizes concentration equations. Let us note that in the case of concentration equations modeling, the molar
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Fig. 20. Triple point problem, map of specific internal energy at time t = 3.5 (left) and time t = 5 (right). The top part (y > 0) corresponds to the VOF
computation and the bottom part (y < 0) corresponds to the computation done using concentration equations.
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masses of the material are set to the common valueM1 ¼M2 ¼M3 ¼ 1. We compare the interfaces and the grids obtained
with the previous approaches in Fig. 18 before (time t = 3.5) and after (time t = 5) the fastest rightward shock wave hits the
right boundary. For the VOF computation we have displayed the reconstructed interface whereas for the concentration equa-
tion modeling we have plotted three isolines which corresponds to C = 0.1, C = 0.5 and C = 0.9. We note a quite good agree-
ment concerning the interface location between the two approaches. However, we observe that the interface resulting from
concentration equations modeling has been diffused over several cells, leading to a numerical mixing layer, e.g. the region
corresponding to 0.1 < C < 0.9. The interface corresponding to VOF modeling has been represented by plotting segment of
straight line cutting each mixed cell. As expected, it is sharper than the one obtained using concentration equations model-
ing. We have also displayed in Fig. 19, the x parameter that is used in the relaxation procedure. Let us recall that this param-
eter is computed as a function of the eigenvalues of the Cauchy–Green tensor, refer to Section 6. The maps of xp are almost
the same for both computations. Moreover, we remark that this parameter is a good tracer that allows to track the wave
patterns. Indeed, the maxima of xp are concentrated in regions where strong two-dimensional compressions occur. These
regions of the flow are the loci where the maximum of mesh smoothing is taken into account. Finally, to track the shock
waves and the contact discontinuity we have plotted the specific internal energy map in Fig. 20. We observe quite similar
results for both approaches, noticing that the vortex is little bit more diffused with the concentration equations approach.

8.4. Interaction of a shock wave with an Helium bubble

This test case corresponds to the interaction of shock wave with a cylindrical Helium bubble surrounded by air at rest
[45]. The initial domain is the rectangular box ½0; L� � � h

2 ;
h
2

� 	
¼ ½0;0:650� � ½�0:089;0:089� displayed in Fig. 21. The cylindri-

cal bubble is represented by a disk characterized by its center (xc,yc) = (0.320,0) and its radius Rb = 0.025. We prescribe wall
boundary conditions at each boundary except at x = L, where we impose a piston-like boundary condition defined by the in-
ward velocity Vw = (uw,0). The incident shock wave is defined by its Mach number, Ms = 1.22. The initial data for Helium are
(q1,P1) = (0.182,105), its molar mass is M1 ¼ 5:26910�3 and its polytropic index is c1 = 1.648. The initial data for air are
(q2,P2) = (1,105), its molar mass is M2 ¼ 28:96310�3 and its polytropic index is c2 = 1.4. Using the Rankine–Hugoniot rela-
tions, we find that the x-velocity of the piston is given by uw = �124.824. The x-component of the incident shock velocity is
Dc = �456.482. The incident shock wave hits the bubble at time ti = 668.153 � 10�6. The stopping time for our computation is
Fig. 21. Interaction of a shock wave with an Helium bubble. Geometry of the computational domain.
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Fig. 22. Interaction of a shock wave with an Helium bubble. Zoom on the initial grid in the vicinity of the bubble and color map of volume fraction. Cartesian
grid (left) and polygonal unstructured grid (right).
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tfinal = ti + 674 � 10�6 = 1342.153 � 10�6. It corresponds to the time for which experimental shadow-graph extracted from
[21] is displayed in [45].

To compute this problem, we have constructed two grids. The first one is a Cartesian grid that contains
520 � 144 = 74,880 square cells. In this case, the initialization of the volume fraction is performed by computing the inter-
section between the circle, which corresponds to the bubble boundary, and the Cartesian grid. Thus, we create mixed cells
wherein the interface is represented by segment of straight line. The second grid is a polygonal grid that results from a Voro-
noi tessellation wherein the boundary of the bubble is represented by faces of polygonal Voronoi cells, refer to [34] for more
details about the construction of such a grid. This polygonal grid contains 75,507 cells which is approximately the same
number of cells than the Cartesian grid. We note that this initial polygonal grid does not contain any mixed cells. We have
displayed these grids in Fig. 22.

We have performed computations using VOF modeling for both grids with same grid relaxation procedure. We have dis-
played in Fig. 24 for both grids the time evolution of the bubble. The first snapshot, located at the top of the figure, corre-
sponds to time t = 800 � 10�6, after the interaction of the shock wave with the bubble. This interaction of the planar
leftward shock wave with the curved bubble interface leads to a transmitted shock and vortices formation. A complex sys-
tem of waves interaction takes place, refer to [45] for a detailed analysis. At later times, t = 1100 � 10�6 (middle) and
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Fig. 23. Interaction of a shock wave with an Helium bubble. Zoom on the bubble at tfinal = 1342.153 � 10�6 and color map of volume fraction. Cartesian grid
on top left, polygonal grid on top right versus Schlieren image from experimental data [21] (bottom).
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t = 1342.153 � 10�6 (bottom) the shape of bubble is strongly distorted. We note that the results obtained with both grids are
quite similar. The comparison of an experimental Schlieren image [21] and the numerical results at the final time has been
displayed in Fig. 23. It reveals a good agreement that validates our ALE strategy from a qualitative point of view. It remains to
perform a quantitative validation using the numerical and experimental results presented in [45]. This will be the topics of a
future paper. Finally, to illustrate the relevancy of our relaxation parameter xp, we have plotted it in Fig. 25, on a twice finer
Cartesian grid at time t = 800 � 10�6. We clearly see not only the fine structures of the interacting waves but also the shape
of the bubble. This xp factor turns out to be a very relevant parameter to capture accurately the waves of the fluid flow.

8.5. Incompressible Rayleigh–Taylor instability

This test case deals with the well-known incompressible Rayleigh–Taylor instability. The computational domain is the
rectangular box 0; 1

3

� 	
� ½0;1� which is paved with 34 � 100 cells. The initial set up consists of two immiscible fluids which

are separated by a perturbed interface, whose equation writes yiðxÞ ¼ 1
2þ a0 cosð6pxÞ. The interface amplitude a0 is set to the

value a0 = 10�2. The heavy fluid is located above the light one. The densities of the two fluids are qh = 2 and ql = 1. The same
polytropic index ch = cl = 1.4 is shared by the two fluids. A downward gravity field is applied, g = (gx,gy)t = (0,�0.1)t. Initially
both fluids are at rest and the initial pressure distribution is deduced by setting hydrostatic equilibrium as
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(right).
Phðx; yÞ ¼ 1þ qhgyðy� 1Þ; if y > yiðxÞ;
Plðx; yÞ ¼ 1þ qhgy½yiðxÞ � 1� þ qlgy½y� yiðxÞ�; if y 6 yiðxÞ:
It is well known that this configuration is unstable and as time evolves, the heavy fluid will sink while the light fluid will rise.
Due to the sinusoidal interface, vortices develop in the vicinity of the interface and lead at later time to an interface which
has a mushroom-like shape. Although this problem is incompressible and does not involve any shock wave, we run it using
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Fig. 25. Interaction of a shock wave with an Helium bubble. Map of xp parameter in the vicinity of the bubble for a twice finer Cartesian grid at
t = 800 � 10�6. The red color indicates the maximum value, i.e. it shows the regions where the maximum deformation occurs. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this paper.)
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our multi-material compressible ALE algorithm using VOF modeling. The initial volume fractions are computed by perform-
ing the intersection of the sinusoidal interface with the Cartesian grid. The computation is run until the final time tfinal = 9.
We have plotted in Fig. 26 the grid and interface at times t = 7, t = 8 and t = 9. We have also superimposed the interface ob-
tained using the front tracking code FronTier [20,19]. The results of this code are used by the courtesy of J.W. Grove of the Los
Alamos National Laboratory. We point out that FronTier is run with a very fine resolution characterized by 106 � 320 cells.
We note a rather good agreement between our results and Frontier interface which shows the ability of our compressible
ALE method to handle incompressible flows wherein strong vorticity occurs.

8.6. Multi-mode implosion in cylindrical geometry

The aim of this test case is to assess the capability of our multi-material ALE algorithm to handle a multi-mode implosion
in cylindrical geometry. This test problem which has been initially proposed in [52] is quite close to a real-life problem such
as that encountered in Inertial Confinement Fusion (ICF) simulation. At the beginning of the problem, a cylinder of light fluid
(R 2 [0,1]) is surrounded by a shell of dense fluid (R 2 [1,1.2]), refer to Fig. 27. For both fluids the polytropic index is
cl ¼ ch ¼ 5

3. The initial densities and pressures are (ql,Pl) = (0.05,0.1) and (qh,Ph) = (1,0.1). The implosion is driven by pre-
scribing the following pressure law on the outside of the dense shell
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Fig. 27. One-dimensional implosion. Initial geometry and data.
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We separate our study in two parts. The first one is devoted to the study of the one-dimensional implosion using two-dimen-
sional grids. The second one consists in investigating the development of hydrodynamic instabilities which result from an
initial multi-mode perturbation of the interface between the light and heavy fluid.
8.6.1. One-dimensional implosion
The time history of the pressure driven implosion is displayed in Fig. 28(left), using a classical t–R diagram. This diagram

is based on a one-dimensional Lagrangian computation. The one-dimensional grid is done using 50 equal size cells in the
light fluid and 40 non-equal size cells in the heavy fluid. The cells in the heavy fluid are graded according to a geometric
progression to obtain a mass matching grid at the interface. The t–R diagram consists in plotting the radius of each point
of the grid as function of time. We have also plotted the outer and the inner radii using thick red curves. This t–R diagram
allows to visualize the waves that are present in the flow. We clearly observe the consecutive bounces of the shock waves at
the center that leads to a deceleration of the shell and the so-called stagnation phase wherein the inner interface radius
reaches its minimum value. After this phase, the flow becomes Rayleigh–Taylor unstable, that is if the inner interface is ini-
tially perturbed, this perturbation will grow exponentially as function of time. This instability is due to the fact that the light
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Fig. 29. Initial grids for the one-dimensional implosion. Polar grid (left) and unstructured grid (right).
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fluid is pushing the heavy fluid during the deceleration phase. We also point out that in case of an initially perturbed inter-
face we would also have encountered Richtmyer–Meshkov instability due to shock wave that crosses the inner interface.
This Richtmyer–Meshkov instability is characterized by a linear growth rate in time for the amplitude perturbations and thus
is less dangerous that the Rayleigh–Taylor instability. The interesting reader should refer to [33] for more details about these
hydrodynamics instabilities an their links with ICF target design. To assess the robustness and the accuracy of our multi-
material ALE scheme using VOF modeling we have performed computations with unperturbed interface using two kinds
of two-dimensional grids. The first one is a polar grid which is displayed in Fig. 29(left). This grid contains 90 � 40 cells
and is characterized by a mass matching radial spacing which is similar to the aforementioned one-dimensional Lagrangian
grid. The other grid, displayed in Fig. 29(right), is an unstructured one that contains 3200 cells. We point out that this grid is
made of three structured quadrangular zones paved with quadrangular cells. The junction of these three zones is a triple
point, that is an exceptional vertex surrounded by three cells. For both grids, we prescribe symmetry boundary conditions
on the x- and y-axis, and the one-dimensional pressure law given by (36) on the outer boundary. The advantage of using an
unstructured grid lies in the fact that it allows a less constrained time step, refer to Fig. 28(right). The time step for the polar
grid is smaller due to the high aspect ratio triangular elements near the origin. An important issue for the simulation of Ray-
leigh–Taylor unstable flows of this type is the preservation of symmetry.

In order to quantify how well symmetry is preserved the following metrics are proposed
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Here, ri(t) denotes the radius of a vertex located on the interface and �rðtÞ is the mean value of the interface radius computed
according to
�rðtÞ ¼ 1
41

X41

i¼1

riðtÞ:
We have displayed in Fig. 30, these symmetry preservation indicators corresponding to a Lagrangian (left) and a multi-mate-
rial ALE VOF (right) computations using the polar grid. As expected the Lagrangian computation is correct since the maxi-
mum deviation from symmetry preservation is around 4 � 10�7, which is a rather satisfying value. The values for the
multi-material ALE VOF computation are a little bit bigger but remain still acceptable. We have also plotted the correspond-
ing indicators in the case of the unstructured grid. For the Lagrangian computation, refer to Fig. 31(left), the maximum of
symmetry preservation deviation is around 4 � 10�4. This higher value is due to the non-symmetry of the initial unstruc-
tured grid. We observe that for the multi-material ALE VOF computation, refer to Fig. 31(right), the symmetry preservation
indicator grows to 1.5 � 10�3. We conclude that the symmetry preservation capability of our multi-material ALE VOF
algorithm interface is directly comparable to the one of the Lagrangian method, which can be considered as a reference.
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The non-symmetric unstructured grid is clearly less stable than the polar grid. However, we point out that we do not intro-
duce spurious unstable modes that could appear during the exponential growth of the Rayleigh–Taylor instability, refer to
Fig. 32 where we have displayed both grids at the final computation time.

8.7. Two-dimensional implosion with perturbed interface

After investigating the capability of symmetry preservation of our multi-material ALE scheme, we are now ready to study
the development of a compressible Rayleigh–Taylor instability. To this end, we prescribe an initial perturbation at the inter-
face between light and heavy fluid in the following manner
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Here, ri and rpert
i denote the unperturbed and perturbed radii, a0 is the amplitude of the perturbation and the integer n cor-

responds to the mode of the perturbation. We compute this problem using the aforementioned two-dimensional grids for
two different initial amplitudes a0 = 2 � 10�4 and a0 = 10�3 with the same mode n = 8.

The Lagrangian computations with a0 = 2 � 10�4 are displayed in Fig. 33 at the final time t = 0.3. We note that final grids
remain valid for both initial grids. The Lagrangian computations corresponding to a0 = 10�3 fails at tfail = 0.24 for both grids
due to mesh tangling, refer to Fig. 34. This is not a surprise, as the higher the initial amplitude, the stronger the development
of the Rayleigh–Taylor instability.

Finally, we perform multi-material ALE VOF computations of this two-dimensional implosion with perturbed interface.
The final grids and the interfaces for the initial amplitude a0 = 2 � 10�4 are plotted in Fig. 35. We observe that the
development of the instability is quite similar for both grids and moreover is comparable to what has been obtained using
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Lagrangian computations, refer to Fig. 33. Using the same framework, we have displayed the results obtained for the initial
amplitude a0 = 10�3. Contrary to the Lagrangian computations, the multi-material ALE computations run without any prob-
lem up to the final time. We can observe, in Fig. 36, the same development of the interface instability for both initial grids.
We also note that the time step corresponding to the initial unstructured grid is much higher than the one corresponding to
the initial polar grid, thus leading to a total computational time for the unstructured grid which is ten times smaller.

Comment 4. We point out that nothing has been done to optimize the quality of the reduced connectivity mesh. We assume
that some initial pre-smoothing of the reduced connectivity grid would probably improve symmetry preservation and
decrease the jet appearing at 45�.
9. Conclusion

We have described a new high-order cell-centered ALE discretization devoted to the numerical simulation of two-dimen-
sional multi-material compressible fluid flows on general polygonal grids with fixed topology. Our ALE algorithm includes
the three following phases:

� An explicit Lagrangian phase wherein physical variables and the unstructured grid are updated by means of a recent cell-
centered high-order Lagrangian scheme [37].
� An original rezoning phase in which the rezoned grid is defined as a convex combination between the regularized grid

and the Lagrangian grid. This convex combination is constructed through the use of an x factor which is expressed in
terms of the invariants of the right Cauchy–Green tensor with respect to the Lagrangian displacement over a time step.
This relaxation procedure is Galilean invariant and allows to keep the rezoned grid as close as possible to the Lagrangian
grid.
� A remapping phase in which physical variables are conservatively interpolated from the Lagrangian grid onto the rezoned

one.

Regarding the thermodynamical closure for multi-material flows, we have presented two different approaches. The first
one, which corresponds to the case of miscible fluids, employs concentration equations and a mixture EOS derived by assum-
ing pressure–temperature equilibrium. The second one, which corresponds to the case of immiscible fluids utilizes the Vol-
ume Of Fluid methodology and allows a Lagrangian tracking capability for material interfaces in our ALE algorithm. In this
particular approach, the mixed cell closure is obtained by means of the equal strain assumption. The numerical results that
have been displayed demonstrate the accuracy and the robustness of our ALE methodology in comparison to purely Lagrang-
ian discretization.

At this point, we acknowledge that our ALE implementation is far from being optimal from the point of view of its capa-
bility, accuracy and efficiency. Concerning its capability and accuracy, we plan to improve the multi-material modeling in the
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case of immiscible fluids by implementing the Moment Of Fluid algorithm [2,16]. This enhancement will allow to take into
account more than two-materials and to reconstruct interfaces with a higher order of accuracy. We also plan to investigate
the implementation of more sophisticated mixed cell closure models such as pressure relaxation models [4,24]. Concerning
its efficiency, we intend to improve the remapping phase replacing the costly exact intersection remapping algorithm by an
hybrid remapping phase which is a combination of the swept face-based and cell-intersection-based methods. In this hybrid
remapping approach the use of exact intersection remapping will be restricted to a buffer layer located in the vicinity of the
interfaces between materials. This hybrid method will be described in a forthcoming paper [18]. We also intend to improve
our grid relaxation procedure. First, we think that it is possible to enhance the smoothing algorithm by incorporating some
physical weight into it. Second, we plan to include more physics into the x parameter definition to better take into account
shear and vorticity using the polar decomposition of the right Cauchy–Green tensor [27]. Finally, to demonstrate the ability
of our method on more realistic problems, in a next paper, we will provide its two-dimensional extension to axisymmetric
geometry.
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